A critical parameter of the Classical Nucleation Theory is the surface energy σ between the nucleus and the ambient phase. Unfortunately, this parameter cannot be measured experimentally for crystal nucleation in condensed matter. A typical practice is to compute and check the value of σ that brings experiment and theory to an agreement. However, an analytical solution of the Classical Nucleation Theory with respect to σ is not possible considering some common assumptions. In this communication, I propose and test a general numerical solution to this problem using the Lambert W function.
I. CLASSICAL NUCLEATION THEORY
The Classical Nucleation Theory (CNT) formulation shown in Eq. (1) is based on the work of Gibbs [1] with further modifications from other authors [2] [3] [4] [5] [6] . In this equation, J is the nucleation rate, J 0 is a pre-exponential factor, D is the effective diffusion coefficient that controls the attachment of the units that participate in the nucleation process, Z is the Zeldovich factor [5] , W * is the work of formation of a critical-size nucleus, k is the Boltzmann constant, and T is the absolute temperature.
Some expressions exist for the parameters J 0 , D, Z, and W * [7] . These expressions depend on certain considerations about the nucleation process. For instance, if the critical-size nucleus is considered to be spherical and isotropic, then
where σ is the surface energy between the nucleus and the ambient phase, and ∆G V is the change in the Gibbs free energy (per unit of volume) when the ambient phase transforms into the phase of the nucleus [8, 9] . Eqs. (2) and (3) show two expressions for Eq. (1) found in the literature [7, 8, [10] [11] [12] , considering a plethora of assumptions discussed therein.
In the previous expressions, η is the shear viscosity of the ambient phase, λ is a distance factor related to the size of the units that diffuse during the nucleation process, and τ is the time-lag of the nucleation process.
Eqs. (2) and (3) cannot be solved analytically for σ. The objective of this short communication is to show how to solve this kind of problem using the Lambert W function [13] .
II. LAMBERT W FUNCTION
The Lambert W function (also known as the omega function) is defined as the inverse function of f (z) = z exp(z), with z being any complex number, thus
The W function is multivalued, meaning that one needs to select a branch n to compute the output of this function (n being an integer number). Only two branches yield real values, namely branches 0 and −1. These are the branches of interest for the problem tackled here, knowing that a complex value for σ is not physically reasonable. Figure 1 shows the real values of W for these two branches.
Eqs. (2) and (3) can be written in the form
where a, p, b, and q are non-zero parameters that depend on the nucleation expression that is considered (see Table I ). A solution of Eq. (4) for σ is
With the solution shown in (5), it is possible to solve expressions (2) and (3) for σ. In fact, any equation that can be written in the form of (4) 
nucleation (see for example Ref. [14] ). The fact that a solution is possible does not imply that it is non-complex. In some cases, a real solution may be impossible. Several free and commercial numerical programs have an implementation of the W function. Scipy [? ], for instance, is a free and open-source module for the Python programming language that has this function built in with the name lambertW, available in the scipy.special submodule. For an iterative approach that can be performed using a spreadsheet program, see Ref. [15] .
III. TEST ON EXPERIMENTAL DATA
A question remains, which of the two possible branches of W (branch 0 and branch −1) is best suited for the particular problem of interest? In other words, which of these branches provides the most physically reasonable result of σ? Table II shows crystal nucleation data measured in a non-crystalline Li 2 B 4 O 7 (lithium tetraborate, also known as lithium diborate) together with other properties of interest [16] . With these data and the solution shown in Eq. (5), the value of σ was computed considering four different scenarios. These scenarios are the combination of the two possible branches of W that yield real values and the two expressions for J that are common in the literature (Eqs. (2) and (3)). The results are shown in Table III .
The σ values computed using branch 0 are unrealis- [16] . Uncertainty in J, τ , and η is one standard deviation. Uncertainty in J and τ is the uncertainty obtained in parameters of the non-linear regression of the Collins-Kashchiev equation [17, 18] (see [16] for more details). Uncertainty in η is the confidence band of the η regression. tically small, significantly far from any reported value in the literature for crystal nucleation in non-crystalline condensed matter [10, [19] [20] [21] [22] . In contrast, the σ values computed using branch −1 are within the expected range for this parameter (0.1 to 0.25 J m −2 ). Thus, when solving the Classical Nucleation Theory with respect to the surface energy, branch −1 of the Lambert W function should be chosen.
IV. CONCLUSION
An analytical solution for the surface energy may not be possible depending on the assumptions that are considered when using the Classical Nucleation Theory. Here I demonstrate a numerical solution for this problem using the Lambert W function. Surface tension values obtained using branch −1 of this function are physically reasonable, whereas values obtained using branch 0 are unreasonably small. 
